We consider superintuitionistic predicate logics understood in the usual way, as sets of predicate formulas (without function symbols) containing all axioms of Heyting predicate logic Q-H and closed under modus ponens, generalization, and substitution of arbitrary formulas for atomic ones (we are mainly interested in logics without equality, and only sometimes we mention logics with equality).
i (a i I u b i ) ⇒ ( u A(a 1 , . . . , a n ) ⇔ u A(b 1 , . . . , b n ) ).
A formula A(x) is valid in M if it is true under any valuation in M , i.e., if u A(a) for any u ∈ W and a ∈ (D u )
n . The predicate logic L(M ) of an (I-)frame M is the set of all formulas valid in M .
We consider the constant domains principle D = ∀x(P (x)∨Q) → ∀xP (x) ∨ Q (where P and Q are unary and 0-ary symbols, respectively), and two its weakened versions, namely: D − = ∀x (¬P (x)∨Q) → ∀x¬P (x) ∨ Q , and
here D * simulates the following formula with equality:
is incomplete w.r.t. I-frames (as well as some its natural extensions); its completion (which is not finitely axiomatizable) is described in [5] . On the other hand, [7] proved the completeness w.r.t. I-frames (i.e., the Kripke sheaf completeness) for the following logics:
[ And here we claim that this similarity is not too close.
Recall that [H + P 2 &J] is the greatest non-classical superintuitionistic propositional logic (here
On the other hand, clearly, K is valid in every (I-)frame of a finite height. Therefore, Here δJ = [ Q 0 ∨ (Q 0 → ¬Q∨¬¬Q) ] (this formula states that J holds in all strictly future worlds: 'tomorrow J').
2 The proof of Main Lemma uses the functor semantics, see [1] .
Namely, let C be a category with a frame representation W ; this means that W = Ob(C) is the set of objects of C pre-ordered by the following relation: u ≤ v iff C(u, v) = ∅, i.e., iff in C there exists a morphism from u to v.
A C-set (a SET-valued functor, or a presheaf over C, inhabited, i.e., with non-emptiness assumption) is a triple F = (W, D, E), in which D = (D u : u ∈ W ) is a family of disjoint non-empty domains and E = (E µ : µ ∈ M or(C)) is a family of functions with E µ : D u → D v whenever µ ∈ C(u, v) (i.e., µ is a morphism from u to v), satisfying the usual requirements:
, and E 1u = 1 Du (the identity function on D u corresponds to the identical morphism 1 u ∈ C(u, u), u ∈ W ).
A valuation u A(a) (for u ∈ W and a = (a 1 , . . . , a n ) ∈ (D u ) n ) in F satisfies the monotonicity:
u A(a) ⇒ v A(E µ (a)) for u ≤ v and µ ∈ C(u, v), and the usual inductive clauses for connectives and quantifiers, e.g.
etc. (here we write E µ (a) = (E µ (a 1 ), . . . , E µ (a n )) for a = (a 1 , . . . , a n ) ).
A formula A(x) is valid in a C-set F if it is true w.r.t. all valuations in F, i.e., if u A(a) for all u ∈ W and a ∈ (D u )
n . The predicate logic of a C-set F is the set L(F) = { A | all substitution instances of A are valid in F }; note that the set of formulas valid in F in general is not substitution closed (cf. e.g. [3, Remark in Sect. 5]).
Lemma. Let C be a category with one object 0 and two arrows: 1 0 and µ 0 . Let F be a C-set with two-element domain
, and K ∈ L(F).
To conclude, let us mention the following well-known Note that every frame M = (W, U ) (with a finite constant domain) can be represented as an isomorphic C-set (for any category C based on W ).
